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Abstract 

Let C be a smooth projective curve over the complex number field C. We investigate the structure of 
the cohomology ring of the quot schemes Quot(r, n), i.e., the moduli scheme of the quotient sheaves of 0® r 
with length n. We obtain a filtration on H* (Quot(r, n)), whose associated graded ring has a quite simple 
structure. As a corollary, we obtain a small generator of the ring. We also obtain a precise combinatorial 
description of ff*(Quot(r, n)) itself. 

For that purpose, we consider the complete lilt schemes and we use a 'splitting principle'. A complete fait 
scheme has an easy geometric description: a sequence of bundles of projective spaces. Thus the cohomology 
ring of the complete filt schemes are easily determined. In the cohomology ring of complete filt schemes, we 
can do some calculations for the cohomology ring of quot schemes. 
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1 Introduction 

Let C be a smooth projective curve over the complex number field C. Let E be a locally free coherent sheaf 
over C. Let n be a non-negative integer. Let Quot(E.n) denote the moduli scheme of quotient sheaves of 
E with length n. It is called the quot scheme. In particular, we use the notation Quot (r,n) if E — 0® r . In 
the papers Q an d |B]> we studied the structure of the cohomology ring of quot schemes Quot(r, I) (I — 2, 3). 
We also studied the infinite quot schemes |J^=i Quot(r, I) = Quot(oo,Z). In particular, we determined the 
generators and the relations among them for the cohomology rings _ff*(Quot(oo, I)), £T*(Quot(r, I)) (I = 
2,3). However, when I > 4, the rings seem somewhat complicated for a direct calculation. Changing the 
route for an attack, we introduce the 'splitting principle' for the quot schemes, which is an analogue of the 
well known splitting principle in the theory of Grassmannian manifolds. 

We introduce the filt schemes: Let E be a vector bundle over C, and I = (h, . . . ,lh) be a tuple of 
non-negative integers. The filt scheme Filt(_E, I) is the moduli of the sequence of quotients: 

E — ► J~h — > J~h-i — * ■ ■ ■ — * J"i — > fl- 
it satisfies the following condition: 

• Wc put Qi := Ker(J r i — > Ti-\). Then the length of Qi is U. 
If Zi = n and U = for any i > 1, the filt scheme Filt(_B, (n, 0, . . . , 0)) is naturally identified with the 

n 

quot scheme Quot(_E, n). On the other hand, if li = 1 for any i, the variety Filt(_E, (1, . *. , 1)) is called the 
complete filt scheme. We denote it by Filt(_E, n) for simplicity of the notation. In particular, we denote 
Filt(0 er ,n) by Filt(r,n). We put Filt(oo,n) := \J™ =1 Filt(r,n). 

The structure of Filt(_E,n) is quite simple. As is described in the subsection 12.41 it is a projective space 
bundle over FHt(E,n— 1) x C. Let L n denote the corresponding tautological line bundle. We denote the first 
Chern class of C n by u) n . We have the natural morphism rj, l]m '■ Filt(£',n) — > Filt(£',m) for any m < n, 
by forgetting the parts Tj (m + 1 < j < n). We denote the line bundle ry* m £ m and rj^ m uj m by C m and 
u) m respectively. We have the naturally defined morphism Filt(_B,n) — > C n by taking the supports of Qi. 
Then the structure of the cohomology ring H* (Filt(£ l , n)) over H*(C n ) is easily and completely described 
in termes of uji (i = 1, . . . ,n). (See the subsubsection |2~4 . 21 ) When we take a limit, H*(Filt(oo, n)) is the 
polynomial ring over H*(C n ) generated by u>i (i = 1, . . . ,n). 

We have the natural morphism : Filt(_E, n) — ► Quot(i?, n), forgetting Ti (i = 1, . . . , n — 1). It induces 
the injection of the cohomology rings. Thus H*(Quot(E,n)) is a subring of the ring H*(Fi\t(E, n)). We 
would like to do some calculation for H* (Quot(_E, n)) in H* (Filt(_B, n)). 
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Let consider the case E = 0^ = [,L O . Let G r m denote the r-dimensional algebraic torus. We have the 
decomposition of the fixed point sets: 

Quot(£,n) G ™ = F Q (v), Filt(£, n) G ™ = ]J F(v). 

veB(n,r) -!ie[o,7 — i]" 

(See the subsubsection |2~3.3I ) Due to the theories of Bianicki-Birula Carrel and Sommes (El), or in 

other words, due to the Morse theoretic consideration, we obtain the morphisms: 

: H*(F Q (v))[-2co(v)] — > H*(Quot(E,n)), (v 6 B{n,r)) 

£(«;•) : tf*(F(w))[-2co(w)] — » JT(Filt(£,n)), (v £ [0,r-lf). 

And we have the decompositions: 

H*(Quot(E,n))= Im(e Q («;-)), H*(Filt(E,n)) = Im(£(w; •)) 

»6B(n,r) «6[0,r-l]" 

We have the following relation (the subsection 14,21 : 

**(^ (U)a)) = _L_ £ f(™,a(a)). (1) 

Thus the calculation in H* (Quot(r,n)) is reduced to the calculation in H* (Fi\t(r,n)). The main calculation 
will be done in Theorem 13.11 (See the formula ©. See also 1151 1.') Although the equality (|SJ provides us 
the method of the calculation, the explicit calculation seems rather complicated. Thus we introduce the 
filtration defined as follows: 

F h H*(Quot(E,n)) = Im^ Q (v; •)), F h H*(Filt(E,n)) = Im(£( W ; •)). 

«6B(n,r) t!£[0,r-l] n 
co(v)</i co(w)</i 

Due to the equality Q and Theorem 13.11 it is easy to derive that the nitrations are compatible with the 
products. Moreover the structures of the associated graded rings are quite simple (the subsubsectoin l4~2 . 1 \ . 

As a corollary, we obtain some sets of the generators of H* (Quot(oo, n)). fProposition 14. l| Proposition 
IO and Theorem [TT| ) 

To determine the precise structure of H* (Quot(r, n)), we consider the © n -action p on H* (Filt(oo, n)) = 
H* (C n )[un, . . . ,uJn], defined as follows (See subsection I4.3|l : 

For a £ &„, we put p(a)(U t PH a i) ■ "i) ~ UiP*cr(i)M 

The action p preserves the products. Let H* (C n )[iOi, . . . , tj n ] p ' s " denote the S n -invariant part with respect 
to the action p. Then we have **/T(Quot(oo, nj) = H*(C n )[uii, . . . , w„] p ' 6 " . ( Theorem ET2jl 

Remark 1.1 We also use the & n -action k on //*(Filt(r, n)) defined by n(cr)£(v,a) = £(cr-v, cr(a)). (See the 
subsection Xi.W We omit to denote k there.) We also have H*(Filt(r, n)) K ' &n — ^I'*//*(Quot(r,n)). However 
the action k does not preserve the product. I 

Let J(r,n) denote the ideal of H* (Quot(r,n)) generated by {£ Q (v) \v £ J3(n,r + 1) - B(n,r)}. Then 
we have _ff*(Quot(r, n)) = _ff*(Quot(oo,n))/ t 7(r,n). Thus, once we obtain the description of "J* £® (v;a) in 
terms of Wj, we can say that the structure H* (Quot(r, n)) is described. 

The formulas © and 1151 assures us that we have some algorithms to calculate *Sf*£®(v;a). Each 
algorithm will provide us a combinatorial decription. In the subsection 14.41 we give one of the description. 
Although the result does not seem convenient for the practical calculation, we would like to remark the 
following: Due to Theorem 14.21 the formula gives a symmetric function, that is, they are elements of 
H* (C n )[uji, . . . ,o;, I ] p ' s ™, which is not obvious at a sight. 

Finally we see the structure of the cohomology ring of the infinite quot scheme of infinite length 
Quot(oo, oo). 

The lilt schemes Filt(_E,i) are the quite natural objects: They are defined as the moduli scheme of some 
simple functors. They are smooth. They also have big symmetry. The author believes that it is always 
significant for mathematics to investigate such objects in detail, and he expects that the they will provide 
us very interesting examples. 
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2 Preliminary 

2.1 Notation 

We use the following notation: 

Z: The ring of integers, Z>o := {a G Z | a > 0}, [0, n] := {a G Z | < a < n}, 

[1, n] := {a € Z 1 1 < a < n}, C: The complex number field, Q: The rational number field. 

6 n : The n-th symmetric group. 

• The order of a finite set S is denoted by \S\. 

• In general, qj will denote the projection onto the j-th component. For example, qj(l) denotes the j-th 
component lj € Z>o of I = (h, h, ■ . ■ , l n ) £ ^> o- 

• For 1 < j, k < n, the transposition of j and k is denoted by Tj,fc. Namely 73,* denotes the element of 
6„, satisfying T jtk [j) = k, Tj, k (k) = j and r ]tk (l) = I for any I / j, k. 

• Let n be a non- negative integer, and X be a variety. Then denote the n-th symmetric product 
of X. For an element I = (h, . . . , l h ) <E Z| , we put X {1) := \\ h i=l X {li) . 

i-l 

• The element (0, . . . , 0, 1, 0, . . . , 0) G Z^ o is denoted by e^. We put c; := X^=i e »- 

• For any element I £ Z> , we put \l\ := Here qi(l) denotes the i-th component of I. 

• In general, the identity morphism of X is denoted by idx- We often omit to denote X, if there are no 
confusion. 

• Let C be a smooth projective curve. We denote the diagonal of C x C by A. Let Aij (i ^ j) denote 
the divisor {(xi, . . . , x n ) £ C n | xt = Xj} of C n . Let 7 be a subset of {1, . . . , n}, then Ai denotes the 
closed subset {(xi, . . . ,x n ) \ Xi = Xj for any i,j G /}. 

We will often use the notation A/ to denote the corresponding cohomology class. 

• In general, we use the notation pt to denote the cohomology class of a point in a topological space X. Let 
C be a smooth projective curve. For a subset I C {1, . . . , n}, we have the projection Yln=i Qi '■ C" — * 
C"' 7 '. We have the cohomology class pt in _H"*(C' 7 ') in the above sense. The pull back (Iligi Qi)*pt is 
denoted by pti. 

• In this paper, the coefficient of the cohomology ring is the rational number field Q, if we do not mention. 

• We will consider the polynomial ring H*(X)[to, . . . ,ir-i] over H*(X). Here X denotes a topological 
space, and ti (i = 0, . . . , r — 1) denote formal variables. For an element J = (jo, . . . , jr—i) £ ^>oi 
we put t J := 111=0 ■ Then an element P G H*(X)[to, . . . , t r -i] has the description P = ^ j aj ■ t J 
(aj G H*(X)). The total degree of P with respect to the variables to, ... , t r -\ is denoted by deg t (P). 
It is called total degree for simplicity. We also put as follows: 

[P]:= a ^ tJ - 

|Jl=deg t (P) 

It is called the top term of P. 



3 



• In principle, the polynomial ring H*(X)[to, . . . ,t r -i] is obtained as the equivariant cohomology ring 
Hq t (X) for the trivial action of G r m . For an element a G H ] Gr (X), the number j is called the 
cohomological degree of a. 

2.2 Some sets 

2.2.1 0(7) and B(l,r) 

Let I be a non-negative integer. We put as follows: 

B{1) := {v = (vi,...,vi) G Z ; > \vi > v 2 > ■■■ > v t > 0}. 
Let r be a positive integer. Then we put as follows: 

B{l,r) := {v = (vi,...,vi) G B{1) | vi < r-l}. 

We have the natural inclusion B(l) — > Z> . Then the set B(l,r) is contained in [0, r — 1]'. 

Let u = (mi, . . . , u{) be any element of Z> . We have the unique element v of Z3(Z) , which is a reordering 
of u. Thus we have the map Z> — > which we denote by Nor, i.e. v := Nor(u). Clearly we have 

Nor([0,r- 1]') C B(r,l). The map is called the normalization. 

For an element v G B(l), we put co(v) := ^ i=1 Vi > 0. Thus we obtain the map co : B(l) — > Z> . 

For a tuple Z = (Zi, . . . , lu) G Z> , we put as follows: 

h h 

B(l):=l[B(k), B(l,r):=Y[B(li,r). 

i=l i=l 

For an element v* = (vi, . . . ,v h ) G B(l), we put co(v») := X^»=i co(vi) G Z> . For an element u G 
IliLi Z> , we put as follows: 

Nor(u) — (Nor(ui), . . . , Nor(u h )) G B{1). 

Thus we obtain the maps co : B(l) — > Z> and Nor : n^i Z >o — ' 
Example 

We have the natural isomorphism B(c n ) ~ Z5 - We have the natural isomorphism B(n ■ ei) ~ B(n). 

2.2.2 X>ec(Z,r) 

Let I be an element of Z> . A tuple Z* = (Zo, . . . ,Z r -i) G (Z> ) r is called an r-dccomposition of Z, if we 
have X^a=o ~ 2- >ec (Z,r) denote the set of r-decompositions of Z. We have the natural injection 

Vec{l,r) — >Vec(l,r + l) given by (Z , . . . , Z r _i) i — ► (Z , . . . , l r -i, 0). We put ©ec(Z) := U r >i ^ec(Z, r). 
For an element Z„ = (Zo, Zi, . . . , Z r _i), we put as follows: 

r — 1 r — 1 h 

co(Z«) := ^ a • |Z a | = ^ a ■ ^ g l (Z a ). 

a — a — i — 1 

2.2.3 Isomorphism 

Let Z be an element of Z> . We have the natural bijection <j> between B(l,r) and T>ec(l,r). Let w» = 
(vi, . . . , v h ) be an element of B(l, r). Then <^(w*) = h = (Zo, . . . , Z r _i) is determined as follows: 

qj{l a ) -=\{i\ qi(vj) =a}\. 
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More visually, the correspondence is as follows: 

^1 1,1 lr-2,1 

/ " ' " > 

(v 11 ,v 12 ,. ■ ■ ,v lh ) = (r - 1, . . . ,r - l,r - 2, . . . ,r - 2, 

U 1,2 

, A > , A v 

(«2i,U22, • • • ,v 2 i 2 ) = (r - 1, . . . ,r - l,r - 2, . . . ,r - 2, 



W-l,n lr-2, 

, " > , A V 

K,i,"n,2, ■ • -,Vn,i n ) = (r - 1, . . . ,r - l,r - 2, . . . ,r - 2, 
By the construction, we clearly have co(^>(u*)) = co(i> 4 ). 

2.3 Filt scheme 

2.3.1 Definition 

Let I = (li, . . . ,1^) be an element of Z> . Let C be a smooth projective curve over C. Let E be a locally 
free coherent sheaf over C. The filt scheme Filt(J5, 1) is the moduli scheme of the sequence of quotients 

E — ► Th — > Th-\ — ► ■ ■ ■ — ► ^2 — ► T\, (2) 

satisfying the following conditions: 

• The length of the sheaf Qi = Ker{Ti — > Ti-\) is U for each i. 

In particular, Filt(_E,c n ) is denoted by Filt(_E,n). It is called the complete filt scheme. On the other 
hand, Filt(E,n ■ ei) is denoted by Quot(_E,n). It is the usual quot scheme. 

2.3.2 Deformation 

A sequence as in ^ is denoted by E — > T*. For such sequence, we put ICj := Ker(iJ — > Tj) and /Co := E. 
Then we have the natural morphisms: 

Hom(K,i,K,j) — > Hom(K,i,Kj-i), Hom(ICi, ICj) — > Hom(ICi+i, ICj). 

In all, we obtain the following morphism /: 

© a fe =1 Hcm{Ki,Ki) — ^— » ®\ =1 Hom{lCi,Ki-i). 

Here the first term stands at degree —1. It is easily checked that / is injective, and the support of the 
coherent sheaf Cok(/) is O-dimensional. By using the obstruction theory given in [7j, we can conclude that 
the filt scheme Filt(_E,Z) is smooth, and the tangent space is given by i/°(Cok(/)). It is easy to see that 
dim(ff°(Cok(/))) = rank(£') ■ In all, we have the following. 

Proposition 2.1 The variety Filt(iJ,i) is smooth and o/rank(£') ■ \l\ -dimension. I 

The projection of of Filt(Z?,Z) x C onto the j-th component by qj. We have the universal sequence of 
the quotients: 

qi{E)^n — >n. 

We put ICj := Ker(g!(.E) — > T^). Then we obtain the following complex over Filt(E,l) x C: 

® h i=x Hom(1Ci,1Ci) —£—> 0ti^om(/Cr,/Cr-i)- 
Then tangent bundle of Filt(_B, I) x C is given by the vector bundle qi *(Cok(/")). 



,1,0,. 



,1,0,. 
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2.3.3 Torus action and the fixed point sets 

Let consider the case E = ©^Zq L a , for line bundles L a (a = 0, . . . , r — 1) over G. Let G^ denotes the 
r-dimensional torus. Then we have the natural G^-action on E, which induces the GJ„-action on Filt(-E, Z). 
For an Z* £ T>ec(l,r), we put as follows: 

r — 1 r— 1 

F\U) := H FUt(L a ,l a ) ~ G (ia) . 

In particular, we use the notation F(l*) and F®(1*) instead of F Ci (Z*) and F l ' ei (h) for any I. 

Let Filt(F, Z) G ™ denote the fixed point set of Filt(F, Z*) with respect to the torus action above. Then 
we have the natural isomorphism: 

Filt{E,l) G ™ ^ ]J 

On Filt(F, Z) G ™ x G, the universal sequence is decomposed as follows: 

i — l 

\QlLc, ► J~ a,h * 3~ a,h-l * ' ' ' * 3~ 

a=0 

We put K-a.j '■= Ker(<j5i Q — > and K,a,o := <£L a - We put as follows: 

<(«*):= Cok(© Q</3 ©J' =1 H m(X:^ ) /C^.)^© a< ^©^ 1 taK,,^,.,)), 

Then we put 7V'(Z*) = A/+(Z») © Nl{U). Then q 2 ,(N l {U)) is the normal bundle of F*(l»). We denote it 
by 7V ; (Z,). 

2.3.4 The decompositions due to Bianicki-Birula, Carrel and Sommes 

Let consider the sub-torus G m C G r m given by t i — > {t,t 2 , . . .,t r ). Then we obtain the G m -action on N l (l t ). 
The negative part N l _(h) is given by q , 2*(A/_(Z*)). It is easy to see the equality rank(iVi (I,)) = co(Z»). 

Due to the theory of Bianicki-Birula |2] or Morse-theoretic consideration, we have the decomposition of 
Filt(F,Z*) into the unstable manifolds: 

Filt(E,l*) = ]J F l (h) + . 

l,£T>ec(l,r) 

It satisfies the following: 

• The complex codimension of F l (l*) + is rank(A r i (I*)) = co(Z*). 

• We have the G m -equivariant morphism ivi,i t : F l (l f ) + — > F l (l t ). It is an affine bundle. 

• Let x be a point of F l (h) + . Then we have lim t ■ x = ni i„ (x) G F l (h). 

G m 3t->0 ' V ' 

When Z = Z • ei, the moduli theoretic meaning of F i ei (Z») + is given in [7j. Following Carrel and Sommes 
0, we consider the natural embedding F l (h) + — > F l (h) x Filt(_E,Z). The closure F l (h) + induces the 
correspondence map: 

:/r(F ( (Z«))[-2co(Z,)] — »fT(Fat(£,i)). 
Due to the result of Carrel and Sommes, we have the decomposition: 

H*(FQt{E,t)) ~ H*(F i (Z»))[-2co(Z»)]. 

(» 6Cec(!,r) 

We have already given the bijection T)ec(l,r) ~ B(l,r). We identify them. Then we have the morphism 
: •) : ff*(F i (r>,))[-2co(i)»)] — ► #* (Filt(F, Z)), and the decomposition: 

ff*(Filt(F,Z)) = lm(t l (v *;■))- ff*(F ! (».))[-2 co(«.)]- 

(«eB(!,r) u»eS((,r) 
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By using the decomposition, we introduce the following filtration: 

F h H*(Filt(E,l))= Im(£V;0) 

co(v * ) < h 

The filtration is depending on a decomposition E — ®^~ L a - 

2.4 Complete filt scheme 

2.4.1 An inductive description of complete filt schemes 

Let qj denote the projection of Filt(_E,n) x C onto the j-th component. We have the universal sequence of 

quotients ql(E) — > Tl — ► J*_ x — > v??- We put K% := Ker(g|(£?) — which is locally free 

on Filt(_E,n) x C. Thus we obtain the associated projective space bundle P(/CJJ V ). We denote the associated 
tautological line bundle by C n +i- We see the following rather obvious lemma. 

Lemma 2.1 The variety Filt(_E,n + 1) is naturally isomorphic to P(/CJJ v ). 

Proof Let U be a scheme. We denote the projection of U x C onto the j'-th component by qj. Let 
12(E) — > Tn+\ — > T n — > • ■ ■ — ► T\ be a sequence of quotients such that such that the length of 
Ker(jTj — > J-j-i) is 1. We naturally obtain the sequence, q*(E) — > T n — ► ■■■ — ► T\. It gives the 
morphism g : U — > Filt(i?, n) such that (g x idc)*T^ = Tj. Here g x idc is naturally induced morphism 
U x C — > Filt(£,n) x C. We put as follows: 

K n := Kex(q*(E) — > T n ) = (g x idc)*JQ,, Gn+i := Ker(J' r n+ i — ► T n ). 

Then we have the naturally induced morphism /C„ — > Gn+i defined over U x C . It induces the section 
U — ► P(/C)- As a result, we obtain the morphism U — > P(/C^ v ). In particular, we obtain the morphism 
:Filt(£,n+l) — >P(/C V ). 
Let 7r n denote the projection of P(/CJJ v ) — > Filt(_E, n) x C. We put Xn '■= qi°^n and p„ := qi°^n- Then 
we obtain the morphism Xn x idc '■ P(/CJJ v ) x C — > Filt(_B, n) x C. Then we have the following morphisms: 

(Xn x id c )*Kn — > gJ-B — ► (x„ x id c )* — > ■■■ — >(x»x idc)*^"! 1 - 

On T(lCn v ), we have the naturally defined morphism i/j n : Xn^-n — > £n+i- We have the closed embedding 
(id x (0 n ) : P(/CJJ V ) — ► P(X^ V ) x C. Let X n denote the image. Then we obtain the morphism X n : 
(Xn x idc)*K-n ® Ox n — ► <2i£ n +i (g) Ox„, which is induced by ip n and the isomorphism X n ~ P(/C" v ). We 
put := Ker(A n ), and := Cok(/Q +1 — > gJ-B). We denote (Xn+i x id)* by J"] 1 for j = 1, . . . ,n. 

Then we obtain the sequence (/2(B) — > — ► F% — > ••• — ► defined over P(/C v ) x C. In 
particular, we obtain the morphism ty„+i : P(iCJJ v ) — > Filt(£', n + 1). 

It is easy to see that $„+i and ^„+i are inverses each other. Thus Filt(i5,n + 1) and P(A^ V ) are 
isomorphic via the morphisms. I 

We will not distinguish them in the following. By our construction, we also know the following: 
Corollary 2.1 The sheaf Gn+i := Ker(jF^ +1 — > T^) is isomorphic to q*C n +\ <8> Ox„. In particular, we 
have qi*{Gn+i) — C-n+i- I 

2.4.2 The structure of H*(Filt(E, n), Z) 

In the rest of the subsection 12.31 we consider the cohomology ring with Z-coefficient. For any m < n, we 
have the natural morphism 77™,™ : Filt(_B,n) — > Filt(B, m) defined by the following functor: 

[JS — > T n —>•••—> Tm —>•••—> J-l^J I ► (^E — > jT m —►•••—> . 

We clearly have ?7n,m := X™ X™+i ' • ' X«-i- We denote rf n ^ m L m by £ m for simplicity of notation. 

For the universal filtration q*(E) — > Tl — ► • • • — > , we put 5" := Ker(^" — > Ff-i)- Then the 
support of Q'j induces the morphism pj : Filt (E,n) — > C. Note that p„ is same as p„-i in the previous 
subsection. In all, we have the morphism p = YYj=\Pi '■ Filt(_B,n) — ► C"\ We have the induced morphism 
p* : H*(C n ) — ► H*(Fi\t(E,n)). For any element a £ H*(C n ), the element p*(a) is denoted by a for 
simplicity of notation. 
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We have the morphism p n _i x idc ■ Filt(_E, n) x C — > C x C. Then X n -i is same as (p n -i x idc)* A. 
It is reworded as follows: We have the morphism p x idc '■ Fi\t(E,n) x C — > C n x C. Then X n -i is same 
as (p x idc)*A n , n +i- In particular, the sheaf Q™ over Filt(_E,n) x C is isomorphic to the following: 

qlC n <8> Cok(e>(-A„, n+ i) — > O 

Here we denote the pull back of the divisor A„ in+ i via the morphism p x idc by the same notation A„ : „ + i. 
Hence the sheaf over Filt(iS, n) x C is isomorphic to the following: 



qlCj <8>Cok(0(-A J>+ i) — ► Oj . 

In the if-theory of the coherent sheaves on Filt(_E, n), we have the equality /CJJ = qi{E) — &j- Hence 

we obtain the following equality for the total Chern classes: 

n 

We denote the first Chern class of Cj by Wj. Note that the composition Filt(_E, n + 1) — > Filt(_E, n) x 
C — > C is same as p n +i : Filt (i5,n + 1) — > C. Thus we obtain the following relation in the cohomology 
ring H*(Filt(E,n + l)): 

r r n 1 I _ A 

y: ^ ■ u,;;i = o, y: «i = K +1 ( C 4s)) ■ n 7 , <7 n+1 - 

J=0 j=0 j=l + J 

Due to the general theory for the projective space bundles, the relation determines the structure of H*(Fiti,(E, n+ 
1)) over H*(Fi\t(E,n)) with the generator ui n +i- 

By an inductive argument, we obtain the following proposition. 

Proposition 2.2 The ring H*(Filt(E,n)) is the quotient ring of H* (C n )[u)i, . . . ,u„] divided by the following 
relations for 1 < h < n: 

r 

Jh) , r-j 

3=0 

Here is described in terms of A^ and u>j (i,j < h — 1) as follows: 

r h-1 . 

O) TT 1 + - A, (, 

2^°i = 11 



i + 

j=0 1=1 



2.4.3 Some easy corollaries 

As a corollary derived from the description above, we know the structure of the cohomology ring of infinite 
complete flit schemes. Let L a (a = 0,1,2...) be line bundles over C. We put Ep := Q a</3 L ct , and 
Eoo := a L a . Then we have the naturally defined inclusions Fi\t(E/3,n) — > Fi\t(E/s + i,n). Then we can 
consider the limit Fi\t(E 00 , n). 

Corollary 2.2 H* (Filt(_E 00 , n)) is the polynomial ring over H*(C n ) generated by the first Chern classes uii 
for i = 1, . . . , n I 

In general, we have the classifying maps fj,i : Filt(i5, n) — > P°° corresponding to the line bundles d (i = 
1, . . . ,n), for any locally free sheaf E over C. In all we have the morphism fi = 11™= 1 1 1 ' '■ Fi\t(E,n) — > 
(P°°) n . Thus we obtain the morphism px(i: Filt(£, n) — ► C" x (P°°) n . 

Corollary 2.3 Let consider the case C = P 1 . Then the morphism Filt(£oo,n) — > (P 1 x P°°)" is homotopy 
equivalent. S 
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Let £ be a locally free coherent sheaf over C. Recall that the sheaf Qf defined over Filt(_E,n) x C is 
isomorphic to qld ® Cok^O( — Ai,„+i) — > O^j . Here Aj, n +i denotes the pull back of the divisor Aj, n +i of 
C n x C . Hence the total Chern class of Qi is described as follows: 

oo / \ \ 3 00 

c*(Gi) = — 1+UJ ; =E(TZ7 tl ) =HA, i „ +1 ^M k + AU(i + ,,)- 2 . (3) 

1 -|- (jJi — /Ai n +l T~i \ 1 T Wi / f — ' 

j=U Ai = 

In particular, we have ci(ft) = A^n+i and C2(<5i) = — Ai jn +i • LOi + (2 — 2g(C)) ■ pti,;+i. Here g(C) denotes 
the genus of C. 

The j-th Chern class Cj(Qt) induces the correspondence map ipj^ : H*(C)\— 2(j — 1)] — > H* (Filt(J3 , n)). 
The following equalities are easily checked: 

4 i) {a)=pUa), 4' ) (l) = -Lo l + (2-2g(C))-pUpt). (4) 



Proposition 2.3 27ms i/ie following set generates the ring H* (Filt cornp (E,l)) over Q; 

n 

U (lm^ l) U{^ l) (l)}). 

Proof The claim follows from (0J. I 
The proposition will be generalized in the case of the other flit schemes. 

3 Some products in H* (Filt(Q) r a J L a , n)) 

3.1 Preliminary 

We have already known the ring structure of H* ( Filt(®^~Q L a ,n)), which is described by uii (i = 1 . . . , n). 
On the other hand, we have the naturally defined cohomological classes {£ c ™ («*; a) | v, £ B(c n ,r), a £ 
H*(F Cn («*))} • We calculate the action of lu„ on £ Cn (v t ; a). In the following, we put E = (B^Lg£a- 

3.1.1 Replacement of notation 

Recall that £>(c n , r) is naturally isomorphic to [0, r — l] n . Thus we use the notation v = (vi, . . . , v n ) instead 
of «* = . . . , v n )- Moreover we use F(v) instead of F Cn (v). Similarly we use instead of f c ™ (v; 1). 
Note that we have £ c " (v; a) — a ■ £(v). Then we have the decomposition: 

iT(Filt(£,n))= H*(C n ) 

we[0,r-l] n 

We will use the equivariant cohomology group Hqt (Filt(_E, n)). Since the action of preserves the 
subvarieties F(v) + , the class £(v) is naturally lifted to the equivariant cohomology class. We denote them 
by the same notation. Moreover, they give the base of Hqt (Filt(JS,n)) over the ring H* (C n )[to, . . . ,t, — i]. 

We also have the equivariant first Chern class of d, which is denoted also by uii. 

The inclusion F(v) C Filt(_B, n) induces the naturally defined ring morphism: 

resO) : H* G r m (Filt(£, n)) — (F(v)) ~ H*(F(v))[t , t r -i]. 
For an element / of Hq,- (Filt(£7, n)), the element res(w)(/) £ H*(F(v))[to, ■ ■ ■ ,t r -i] is denoted by /". 

3.2 Some lemmas 

We prepare some lemmas which are obtained by some geometric considerations. 
Lemma 3.1 We have the following equality: 

=t Vi — ^2 A k ,i + PiCi(L Vi ). 

k<i 
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Proof We only have to show the equality in the case i — n. Recall that Filt(_E,n) is isomorphic to the 
associated projective space bundle with K.%_i over Filt(F, (i-l)xC, and £ n is the tautological line bundle 
under the identification. Then the restriction C n \p( v ) is isomorphic to Ker(q , |L l , ?l — > T Vn ,n-i)- It is 
isomorphic to the following line bundle: 

i<n, Vi=v n 

Then we obtain the result. Note the composition Filt(i?, n) — * Filt(i?, n — 1) x C — ^ C is same as 
Definition 3.1 We introduce the order <o on [0,r — 1]™ defined as follows: 

Let v = (vi, . . . , v n ) and v' = (y[, . . . , v' n ) be elements of [0, r — 1]" . Then v <o v' if and only if 
v i ^ v 'i f or an V i = 1, ■ ■ ■ ,n. 

By the inclusion B(n,r) C [0,r — l] n , we have the induced order on B(n,r). We denote the order by the 
same notation. I 

Recall that [/] denotes the top term for / G H*(F(v))\to, . . . , t r - 1] (the subsection 12.1^ . 
Lemma 3.2 Assume that w £ [0, r — l] n satisfies w >o v. Then we have the following equality: 

[««n =n n(*»i-**)- 

j=l i=l 

In particular, we have deg t (£(v) w ) = co(v). Reversely, deg t (£(v) w ) = co(v) implies w >o v. 

Proof Let P = (xx, . . . , x n ) be a point of C n such that Xi 7^ Xj (i 7^ j). Then we have the closed embedding 
Filt(£,n) x c » {P} — ► Filt(E,n). Note that Filt(F,n) x c ™ {P} is isomorphic to (P 1 - 1 )™. We only have to 
consider the image of £(v) to H*(FHt(E,n) x c « {P}). I 

Lemma 3.3 If £(v) w 7^ 0, then we have an element a G & n such that o~(v) < w. 

Proof Let consider the morphism * : Filt(£, n) — > Quot(F, n). Then ty(F(v)) is contained in F Q (Nor(u)), 
and *(F(u) + ) C F<?(Nor(») + . In Q, we obtained that F<2(u) + n F Q (u') / •<=>■ u < u'. Thus we are 
done. 1 

Lemma 3.4 Let w be an element of [0,r — 1]™, such that there exists a G & n satisfying o(v) = w. We put 
I := {i\vi 7^ Wi} . Then we have the following inequality: 

deg t £(«r < co{v) - \I\ + 1. 

Proof Let consider the restriction of £(i>) to Filt(F,n) xc™ (C n — A/). It is easy to see the following: 



F(v)+nF(w) n [Filt(£,ra) x c - (C n - A/)] = 0. 

Thus we are done. I 
Let w be an element of [0, r — 1]" . We put J(v, w) := {a 6 6 n | c(w) < to}. We denote the projection of 
[0, r — l] n onto the i-th component by qt. For any element a G J(v, w),we put 1(a) := {i | <2i(u) 7^ gi(o"(«))}. 
Then we obtain the number d(v,w) := min{|/(cr)| | a G J(v,io)}. 

Lemma 3.5 We /lorae f/ie following inequality: 

deg t (^(f )™ ') < co(u) — d(u, io ) + 1. 
Proof Similar to Lemma 13.41 1 

Corollary 3.1 Let w be an element of [0, 1] satisfying co(w) — co(v) and deg t (£(v) v> ) = co(v) — 1. Then 
there exists a transposition t such that t(v) = w. Namely, there exist i 7^ j satisfying Vi — Wj, Vj — Wi and 
Vk =w k (k i,j). I 
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3.3 Calculation 

We consider the case E = L a for line bundles L a on C. 

Theorem 3.1 Let v be an element of [0, r — l] n . In the equivariant cohomology ring Hqt (Filt(2?, n)), we 
have the following equality: 

£{v + e„) = (w n —PnL Vn —t„ n ) ■ £(«) + ^ A fc , n • f(rfe,n(«)). (5) 

fc<7l, 

As a direct corollary, we have the following equality in the non-equivariant cohomology ring H*(Filt(E,n)): 
£(v + e n ) = (fJn - PnL Vn ) ■ £(v) + ^2 ■ ^(r fc ,„(w)). (6) 

fc<n, 
v k <v„ 

Here r^n denotes the transposition of k and n. 

Proof We put X := (uj n — a;") ■ £(v). Then we only have to prove the following equality: 

X = -A k , n ■ £(Tk, n v) + £(w + e„). 

»!<»• 

Note X v 7^ 0. First we see the following lemma. 

Lemma 3.6 The element X has the following description: 

X= A i-€(nn(v))+£(v + e n ). 

i<_n 

Here Ai are elements of H 2 (C"). 

Proof We put V x := {w G B{n,r)\3a G S„, X ct(w) / 0}. Then we know that w > Nor(u) for any 
io G T>\ (Lemma l3.3t . 

We have the description X — ^«g[o r-i] n a ( u ) ' We put V2 := {it G B(n, r) \ 3a G 6„, a(a(u)) ^ 

0}. Let wo be a minimal element of T>2 with respect to the order <o. Let w' be a reordering of wo satisfying 
the following: 

deg t a{aw' ) < deg t a(w' ), for any a G 6 n . (7) 
Since wo is minimal, we have the following equality: 

X< = a(aw' )^(aw' )<. 

Due to the inequalities (J and Lemma l3.4l we know that the right hand side is not 0. Thus wo is contained 
in T>\. In particular, wo > Nor(w). 

Thus X has the following description: 

Nor(u)>Nor(w) 

Let v' be a reordering of v, satisfying the following: 

deg t a(a(v')) < deg t a(v') for any a G 6 n . (8) 

Then we obtain the following equality, by using the inequality deg t £(crv') v < deg t (a 7^ 1): 

deg t X" = deg t a(v') +deg t £(v') v = deg t a(v') + co{v). 

Assume that v' = v, and then it contradicts X" — 0. Thus we may assume that v' 7^ v. Then we obtain 
the following inequalities: 

co(v) > 1 + deg t £(«)" >deg t (^ - w£) + deg t =deg t X v = co(v) + deg t a(w'). 

It implies the following: 
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1. deg t a(v') = 0. By seeing the cohomological degree, we can conclude that a(v') G H 2 (F(v')). 

2. deg t (£(v) v ) = —1 + co(v). Due to Corollary 13.11 we have the transposition r such that r(v') — v. 

3. deg t (w^ — tJn) — 1- If T ( n ) — n , then we have deg t (w" — w") = 0. Hence we know that r(n) 7^ rc. 

Due toQ the assertions and |3 hold for any reordering of v" such that a(v") 7^ 0. 

For any reordering v' of v such that v' 7^ w, we have deg t a(v') = 0. If a(v) 7^ 0, then we obtain 
deg t X v > co(v), which contradicts X v — 0. Thus we obtain a(v) = 0. 

In all, X has the following description: 

X = Ai-£(TinV)+ °(«) •£(«)• 

We put Y = X - £ i<n At • £(ti „w) = £„ &(«) • £(«)• 

We put := {w G S(n, r) | 3a G S n , &(<7io) 7^ 0}. We already have Nor(w) <o w for any w G O4. In 
particular, co(io) > co(w) + 1. On the other hand, we know co(io) < co(v) + 1 due to the cohomological 
degree of Y. Thus we know co(io) = co(v) + 1. 

Then we obtain that the cohomological degree of a(w) is at most 0. To know such a value, we only have 
to compare the both sides in the cohomology ring H* (Filt(_E, n) xc™ {P}) for any point P — (x\, . . . ,x n ) 
such that Xi 7^ Xj (i 7^ j). 

Hence the proof of Lemma 13.61 is completed. 1 

Let us return to the proof of Theorem 13. II We use an induction. The following claim is called Q( 7 ). 

Q( 7 ): If v n < 7, then the equality JSJ holds. 
The following claim is called P( 7 ). 

P{"f): If v-n < 7, the following holds: 

• If v n > Vk, we have the following equality for any m > 0: 

=Afc„-n n - **) x n (wm-*o. (9) 

j^n 0<i<Vj— 1 0<i<u„-l 

• If v n = Vk, then we have the following equality for any m > 0: 

[£(«r +m -»] = n n - *o x n - **)• ( io ) 

• If w„ < v k and if < m < v k - v n , then deg t £(„) T ™,*»+ m ' e fc < C o(u) - 2. 
Lemma 3.7 Tfte claim P(0) holds. 

Proof When v k = v n = 0, the claim follows from Lemma l3.2l Let consider the case % > v n = 0. The class 
£(w) is defined over Filt(_E,n — 1). Namely it is the pull back of the corresponding class via the morphism 
r) n ,„-i : Filt(£» — ► Filt(E,n- 1). Thus, £(w)" +! e " = for some I if and only if £(«)" = 0. We 
know £( l) ) T ",fc'"-"'= e " = 0, since Nor(u) ^0 Nor(w — us, ■ e n ). Thus we obtain the vanishing £(u) T " fc ' u = 0. I 

Lemma 3.8 Q( 7 - 1) + P( 7 ) => Q( 7 ). 

Proof We only have to show the equality ||SJ when v„ = 7. We already have the equality: 

(u) n - u>„) •£(«)= £(w + e„) + 2J ^ ' f(T»,nw). 

If A; 7^ i, then we have the inequality deg t ^{rknv) TinV < co(v) — 1. Thus we have the following equalities 
for any k < n such that Ak 7^ 0: 

[u>l k - nV - Lol] ■ [avY- kV ] = A k ■ KfonlO^-"]. (11) 

When Wfe 7^ v n , we have the equality [(u n — u n ) Tk — ~ i«„ • We have the following equality, due to 
Lemma 13.21 

[*(r n ,*«r"**] = n n (*«*-**)• 

3 = 1 i=0 
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On the other hand, if Vk > v n , then P( 7 ) implies that deg t £(i>) T ™-'= 1 ' < co(u) — 1. Thus the equation 1111 
cannot hold in this case. Namely Ak = if Vk > v n . 

Let consider the case Vk < v n . Then P( 7 ) implies the following equality: 

n-l Vj—1 

= a„, . n n ( tvj - *o x n (t,„_ t j. 

3=1 i=0 0<i<u„_! 

Then we obtain the equality Ak = — A n ,fc in this case. Thus we obtain Q( 7 ). I 

Lemma 3.9 Q(j) + P( 7 ) => P( 7 + 1). 

Proof Due to the hypothesis Q( 7 ), we have the equality: 

+ £ A^^T^r".*"^ 1 ^. (12) 

j <.n,Vj <v n 

We divide the claim into the following cases: (i) Vk > v n + 1, (ii) Vk = v n + 1, (hi) Vk = v n , (iv) Ufc < v n . 

(i) Hfc > Un + 1- Let m be an integer such that < m < v^ — (v n +l). It implies < m+1 < Vk~v n . Due to the 
assumption P( 7 ), we have the inequality deg t (£(i>) T ™' fc ^ + ( m+1 ' e,e ) < co(u) — 2. Ifuj < v n < Vk , then we have 
j / k. Since qj(T n ,k{v) + (m + l)e fc ) = Uj < u n = qj{r n ,j(v)), we have r n ,k(v) + (m+ l)e fc 2o T n ,j(v). Thus 
we have the inequality deg t £(r n jv)' r "> hV+ ( m+1 ^' ek < co(y). Due to I12H . we have the following inequality: 

de gi £(« + e n )^("+ e ")+ m ■<** < co(») - 1 < co(<; + e„) - 2. 

Thus we are done in this case. 

(ii) Vk ~ v„ + 1. In this case, the equality HUH is a consequence of Lemma l3,2l 

(hi) Vk = v„. When Vj < v n , we have j =^ k. Thus we have t„j(v) j£o v + (m + l)ek, since qj(r n ,jv) = v n > 
Vj — qj(v + (m + 1) ■ efc). Hence we have the inequality deg t f (T n ,jv) v+ ^ m+1 '' efc < co(w) — 1. On the other 
hand, we have the equalities deg t £(u) , '+( m + 1 ) e fc = co(w) and o;^ + ' m+1 ' )e ' c — = A n ^. Thus we obtain the 
following: 

+ e„) T "- fc( " +e ' l)+m - efe ] = K +(m+1) ' efc -u£] ■ [£( u )*+< m + 1 > e fc] 

= A n , fc ■ p| (t Uj - U) X Y[ (tv k +l+m - U) = A n , fe ■ J][ Y[ - *») X II (*u n +l+m - ti). (13) 
j^fc i=0 i=0 3=1 i=0 i=0 

(iv) Vk < v n . We have the equality [u% n ' l ° v+ m+1 efc — aj n ] = (i„ fc — ti>„). We also have the following: 

n-l 

[c(«) T "'^ +(m+i)efc ] = A k , n ■ n n (*«* - *o x n - *o- 

3=1 i = 0<i<-u„-l 

In particular, the total degree of the product is co(«). 

If k 7^ j, we have the inequality deg t ^{Tk n v) T,l - kV+ ^ m+1 ^' ek < co(w). If fc = j, we have the following 
equality: 

n — l v j~ 1 ^ti — 1 

K(r„, fc «) T -^ +(m+i)efc ] = n n -*o x n c*«»+m+i-*o- 

3=1 i=0 i=0 

Thus we obtain the following by a direct calculation: 

n-l Vj—1 

[av + ek) T "- k{v+ek)+m ' £k ] = A kn -l[ H(t Vj -ti)x (t„„+i +m - *<). 

3=1 1=0 0<i<»„ 

Hence the proof of Lemma 13.91 is completed. 1 
Thus the induction of the proof can proceed, namely, the proof of Theorem 13. II is completed. I 
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Corollary 3.2 We have the following equality: £(ej) = uji — to — p*c\(Lo) + ~}2 k<i Ak,%- Thus we have the 
following equalities for v £ [0,7- — l] n : 

£(ei) v = (t Vi - to) + &ik+pt(ci(L Vi ) - Cl (L )). 

k<i 



3.4 Some corollaries 

3.4.1 The product in the associated graded ring 

Recall that we have the filtration {FiH* (Filt(_E, n)) | I £ Z>o}. Let denote the associated graded space by 
GrH*(FH.t(E,n)). 

Corollary 3.3 For any v £ [0, r — l] n , w n ■ £(i>) is contained in F co ^ v ^ +1 H* (Filt(E , n)) . Moreover we have 
the following equality in Gr co ( v )+iH* (Filt(_E, n)): 

uj n ■ f (v) = £(v + e„). 

Here we use the notation = to denote the equality in GV co („)_|_iiif*(Filt(i?, n)). 

Proof Clear from Theorem 13. II 1 

Corollary 3.4 Let v be an element of [0,r — l] n . Then we have the following equalities in the associated 
graded ring Gr co ( v )H*(Filt(E,n)): 

n n 
i=l i=l 

Let v and v' be elements of [0,r — l] n . Then we have £(v) ■ £(«') = £(v + v ') in Gr co ( v + v t)H*(Fi\t(E, n)). 
Proof We only have to use Corollary 13.31 inductively. 1 
Corollary 3.5 The ring GrH*(Filt(E,n)) is isomorphic to the following: 

H*(C n )[u; 1 ,..., Un ]/(^ = 0). 

If we are given Li (i = 0, 1, . . . ,) and if we put E x — 0^ Ei, then the ring GrH*(¥i\t{E 00 , n)) is isomorphic 
to the polynomial ring over H*(C n ) with n variables. I 

3.4.2 Some other equalities 



Let v be an element of [0, r — l] n such that v n ^ 0. Let m be an integer such that < m < n. We put as 
follows: 

(v m > v n ) 

1 (v m < V n ). 



Theorem 3.2 In the equivariant cohomology ring, we have the following equality: 



^ Afc, m -p* m L Vm — t Vm \ ■ £(v) = £(v + e m ) + H m>n {v) ■ A mj „£(r m ,nv)- (14) 



k <m, 
Vk = Vm 



As a corollary, we obtain the following equality in the non- equivariant cohomology ring: 

n- ^ A fe , m -PmLv m ) • £{v) = £{v + e m ) + H m , n {v) ■ A m ,„^(r m ,„w). (15) 



k <m, 
v k = v m 



Proof We put X — (u> m — lu^) ■ £(v). Due to an argument similar to the proof of Lemma 13.61 we obtain 
the following description of X: 



X=£{v + e m )+ ^ A k -£(T km v). 



Here Ak are elements of H 2 (C n ). 
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Lemma 3.10 Assume deg t £(u) T "». fc (") < co(v) — 1. Then we have At = 0. 



Proof By the assumption, we have deg t X Tm - k (v) < co(v). We have £(u + e m ) Tm - k ^' v ' = 0. We have 
deg t £(-7j m i>) T ' t m( -' u ' < co(u) for any j 7^ k, when Vj 7^ « m and 7^ u m . On the other hand, we have the 
following: 

K(T m ,*«) T ».*'] = n n (%-**)■ 

In particular, we have deg t £(T m ,fci>) Tm >' c1 ' = co(v). Thus we obtain ylfe =0. I 

Assume that k — n. If w m > u n , then we have deg ( £(v) Tm,n < co(v) — 1. Hence we obtain A„ — in 
this case. If v m < v n , then we have the following: 

n— 1 "3-1 

= A m ,„ ■ jj n - x n (t vn - u). 

3=1 i=0 0<i<u„-l 

We also have [wm 1 '"' 1 '' — wJJJ = t Vn — t Vm . Thus the total degree of the product is co(u). By comparing the 
top terms, we obtain A n — A m ,n in this case. 

Then Theorem 13. 21 is a corollary of the next lemma. 

Lemma 3.11 Let consider the case k 7^ n. Assume Vh 7^ v n - We have the inequality deg t £(v) Tm - k ' v < 
co(v) — 1. As a corollary, we obtain Ak = if k 7^ n. 

Proof We already have the following equality: 

£(v) = (lu„ - w ? T e ") • £(« - e n ) + Aj, n • f (r,,„(u - e n )). 

We have the following: 

deg t (u>l k ' m{v ~ en ' ) -wr°) = 0, deg t £(« - en )^,™("- e ") < C o(« - e„) - 1 < co(«) - 1. 
We also have the following inequality: 

deg^(Tj,„(« - e n )) Tk ' m '" < co(v - e n ) - 1 < co(w) - 1. 
In all, we obtain the inequality desired. I 

Remark 3.1 Clearly the formulas @ and H51 provide the method to describe £(v) in terms of u>i (i = 
1, . . . , n) explicitly. 1 

4 The structure of the cohomology ring of filt schemes 
4.1 Preliminary 

Let n be a positive integer. We have the left action of @ n on Z>o by the permutation of the components: 

er(ai, . . . , a n ) := (a CT -i {1) , . . . , a CT -i (n) ). 

Let e.i (i = 1, . . . , n) be the canonical base of Z™. Then a(ei) = e CT m. For an element v £ Z", we put 
St(v) := {o- e 6„\av = v}. 

Similarly we have the left action of & n on C™ by the permutation of the components: a(xi, . . . ,x n ) = 
(aJo—iM), • ■ • ,av-if n )). Thus we have the left action of & n on C n x Z5o- We have the natural identification 
F(v) — C n . Thus we have the S n -action on II„ g [ F(v). 

For an element cr £ ©„, we obtain the automorphism (cr -1 )* of ©„ g [ r _ x i H*(F(v)). We denote 
(o- _1 )*(a) = a ■ a. Thus we obtain the S n -action on ®„ g [ r _ 1 i H* (F(v)). 

Let _B = ©^Zq i a be a direct sum of line bundles on C. We introduce the S n -action on H* (Filt(_E, n)) as 
follows: We have the decomposition _ff*(Filt(_E, n)) = ®„ g [ r _]i« H*(F(v)) ■ £(v). Then we put as follows: 



-a) =£(*(«))• cr(a). 
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It is clear that the restriction H* (Filt(E , n)) — > ©„ e [ r _i]n H*(F(v)) is equivariant with respect to the 
©^-actions above. 

We can also consider similar ©^-actions on the equivariant cohomology groups Hq T (Filt(_E, n)) and 

Lemma 4.1 The & n -action preserves the filtration FhH* (F\\t(E , n)). Thus we obtain the & n -action on the 
associated graded vector space Gr ff*(Filt(_B, n)). 

Proof Clear from our constructions. I 
The relation of the product and the ©^-action on H*(Fi\t(E,n)) is not clear for the author, at the 
moment. However the following lemma is easy to see. 

Lemma 4.2 The & n -action preserves the product of Gr H* (FHt(E, n)). 

Proof Use Corollary ITU I 

4.2 Rough structure 

4.2.1 The structure of the associated graded ring 

Let v be an element of [0, r — 1]™. We have the normalization Nor(w) £ B(n, r). Then we have the morphism 
F(v) — > F® (Not(v)). Thus we obtain the following morphism for u € B(n, r): 

U F°(u). 

Not(v) — u 

We already have the © n -action on the left hand side. On the other hand, we have the trivial action on the 
right hand side. The morphism is equivariant. 

In particular, we have the morphism H*(F®(u)) — > H*(F(u)). Here we regard u £ 3{n,r) as the 
element of [0, r — 1]" by the natural inclusion. Then H*(F®(u)) is isomorphic to the S^(ii)-invariant part 
of H*(F(u)). We identify them by the morphism. 

If Nor(w) = u, then we have an element cr(u) = v. The morphism H* (F® (u)) — > H*(F(v)) is identified 
with a i — > a ■ a. It is same as the following: 

a ' — * ttt-, — rr o~ ■ a. 

St(u)\ ^ 

Lemma 4.3 We have the following equality: 

Proof We use a standard argument to use the equivariant cohomology ring. We only indicate the out- 
line. By a geometric consideration, we can show that deg t £®(u;a) < co(u). We describe ty*£®(u;a) as 

£„ e[ 0,r-X]»^(«) •*(»)• 

Lemma 4.4 A(v) = unless Nor(v) >o u. 

Proof Similar to Lemma 13.61 I 

Lemma 4.5 Let v be a permutation of u. Then we have A(v) = |S't(?x) | — 1 Y^ au=v cr(o). 

Proof We only have to consider the restriction of a) to F(v). 1 

We put Y := **£ e (u;a) - \St(u) l^ 1 E CTes „ ' <*)• We have deg t Y w < co(u) for any w. We 

also have Y w = unless N(w) >o u. Then we can conclude that Y = 0. Hence the proof of Lemma 14.31 is 
completed. I 

We have some easy corollaries. 

Corollary 4.1 

• The image ty* (H* (Quot(E , n))) is same as the & n -invariant part of H* (Filt(_B, n)). 

• The morphism^* preserves the filtrations, that is, ty* (FhH* (Quot(E , n))) is contained in FhH* (Filt(£ l , n)). 
Moreover we have the following: 

V*(F h H*(Quot(E,n))) n F h -iH*(Filt(E,n)) = **(F A _iF*(Quot(S,n))). 
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• The filtration FhH*(Quot(E,n)) is compatible with the product of H* (Quot(S, n)), that is, Fh ■ Fk C 
Fh+k- 

• Thus we obtain the ring morphism Gr(^*) : Gr _W*(Quot(_E, n)) — > Gr _W*(Filt(_E, n)). The image of 
Gr^*) is same as the & n -invariant part of Gr H*(Filt(E, n)). I 

Corollary 4.2 In Gr H*(Quot(E,n)), we have the following equality: 

' " <reS„ i=l 

I 

4.2.2 Another filtration 

We have the lexicographic order on Z™"^, 1 . We have the natural injection Z> — > Z"+ x given by v i — > 
(co(v),v). Then we obtain the induced total order on Z" . We denote the induced order by <i. 
We put as follows: 

F«/T(Filt(£, n)) = H*(F(u)) ■ £(«). 

We use the notation to denote the equality in the associated graded vector space Gr' 1 - 1 H*(Filt(E,n)). 
The product • £(e;) is contained in F^+ e ., and same as £{v + ei) in Gr^.. Thus we can show that 
Fi 1] ■ F« C F&>„, and £(„) • £(«) £(„ + u) in Gr«„. 

Let t) be an element of B(n,r). Then <r(u) <i v if cr ^ 1. Hence £(<ri>) is in Gri x \ In particular, we 
obtain the following equality in Gr^ 1 ' for v € B(n,r): 

4.2.3 Some generators 

Recall that c ; denotes Y^j<i e i- Then F Q (c t ) is isomorphic to C (i) x C (n ~ !) . Thus we have the nat- 
ural inclusion / : H*(C^) — > H* (F® (c;)), induced by the projection. We also have the morphism 
g : H*(C (n) ) — > H*(C (l) )®H*(C (n - l) ) induced by the projection C (n) — > C (l) x C ( ™" !) . Then we obtain 
the morphism <j> : iT(C (!) ) ® iT(C (n) ) — > H*(C (l) ) ® H*(C (n - l) ), given by <j>(a ® b) = f{a)-g(b). 

Lemma 4.6 The morphism 4> is surjective. 

Proof We have the filtration on the H*{C (k) ) and the H*(C (k ~ j) ) defined as follows: We denote the 
subspace generated by the elements of the form sym(7i ® ■ ■ ■ ® *y a ® 1 ® ■ ■ ■ ® 1), (74 6 H*(C)) by G a - Here 
sym denotes the symmetrization operator. Then the family {G a } gives the filtration. Moreover the family 
{H*(C U) ) ® G a {H*{C (k - ]) ))} gives the filtration on the space H*(C U) ) ® H* (C (fc - j) ). 

Claim The space H*(C uy ) ® G a H*(C k - : >) is contained in the image Im(<^). 

We prove the claim by an induction on the number a. Assume that the claims for any a < a hold. For 

any 7 = 71 ® ■ ■ ■ ® j a ® 1® k ~^- a £ H*(C)® k ~ j , we have the description of sym fc (l® i ® 7) as follows: 

sym fe (l® J ®7) = 1 ® sym fc _ 3 ( 7 ) + s y m j( c "',i) ® s y m k-j( c 'a',i), sym. k _ j {c a , ti ) £ G a > H* (C (k ~ j) ). 

a' <a i 

Due to the equality, the following holds for any 7' € H*(C^)\ 

7' ®sym. k _ j (i) = 7' ® 1 • (sym fe (l® J ® 7)) - ^ ^(sym^c^^V) ® sym k -j{c' a , _ 4 ) 

a' <a i 

which belongs to the subgroup Im((f>) + H*(C U) ) <g> G a -iH*(C^- s) ). Thus we are done. I 
For any h £ Z> , we have the following morphism induced by <j> and the identify of C^: 

H*{C {3) )®H*{C {k) )®H*{C (h) ) — > H*(C (i) ) ® H*(C (k - j) ) ® H*(C (h) ). 
We denote it also by <f>. 
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Lemma 4.7 The morphism <f> is surjective. I 
Let L a (a = 0, 1, 2, . . .) be line bundles over C. We put Eoo — © a>0 L a . We obtain the infinite quot 
scheme Quot(_E OOJ n). Since F(c{) is isomorphic to x C^ n ^ l \ we have the natural inclusion H*(C^) C 
ff*(^(c0)- 

Proposition 4.1 T/ie following elements generate H* (Quot(E ao , n)) over the ring 

S :={^ Q ( Cl -a)\l = l,...,n, a G iT(C* (!) ) C H*(F(a))} . 

Proof Let A denote the subalgebra generated by S over H*(C M ). We have to show that A is same as 
H* (Quot(Eoo,n)). Note the following equality in Gr^ 1 . 

**£ Q ( U ;a)= (1) £(u;a). 

We use the following obvious lemma. 

Lemma 4.8 £et u fee an element of B(n, r). Let k be a positive integer such that k < min{i | Ui > 
Then we have the following equality in Gr^]_ c ; 

**C Q (u; a) • **£(c ; ; 6) + c ; ; 0(a <8> b)) 

I 

For any element / of -H r *(Quot(_E 00 , n)), it has a description as follows: 

/= a t Q (u; a(u)). 

(n,r) 

We put := max{w | o(m) 7^ 0}. Here the maximum is taken with respect to the total order <i on 

B(n,r). 

Assume that H* (Quot(Eoc, n)) — A 7^ 0, and we will derive a contradiction. Let /o be an element of 
ii"*(Quot(£ 00 ,n)) -A satisfying d(/ ) = min{d(/) | / G H*(Quot( J B 00 , n)) - A} . We put u := d(/o). 

We put := min{i | ug,i > Uo,i+i}- Then we have the decomposition u — Ui + Cfc. Note that Hi < uq. 
Thus we only have to show that there exist a G H* (F(ui)) and 6 G H*(C k ') satisfying the following: 

d(/o-C Q («i;a)-C Q (c fe ;fe))<d(/o). 

In Gri^ , we have the following: 

fo C Q (uo; a(«o)), C Q (wi; a) ■ £ Q (c fc ; 6) = a £ Q (u + c k ; <j}{a ® b)). 

Thus we obtain the result, by using Lemma 14.71 1 

Let A: be a positive integer. Then we have the push forward g* : H* {C {k ~ 1] ) ® H* (C) — > H*(C {k) ). Let 
4>2 denote the composite of the following morphisms: 

H*{C {k - 1) )®H*{C {l) )®H*{C) > H*^- 1 )) ® H*{C) ® H*(C«-V) g,{9 ' d » H*{C {k) ) ® H*{C^). 

Clearly (j>2 is surjective. In general we have the morphism induced by <f>2'- 

H*{C {h} ) ® H*{C {k - 1) ) g> H*(C (l) ) <g) H*(C) — ► H*(C (h) ) ® H*{C {k) ) ® H*(C (! ~ 1) ). 
The morphism is also denoted by (j>2. It is clearly surjective. 

Proposition 4.2 The following set generates the ring //*(Quot(oo, n)) over H*(C (n) ): 

S 2 = {£ Q {1 ■ e 1 ,p*a) I a G H*{C), l = l,...,n}. 

Proof Let A 2 denote the subring generated by 5*2 over H*{C (n) ). We only have to prove that A2 contains 
S in Proposition 14.11 For k < n, we have the natural inclusion B(k, r) — > B(n, r). We regard B(k, r) as the 
subset of B(n, r). 

We use an induction. The following claim is called P(l, k): 

P(l, k): For any element v G B(k, r) such that co(v) < I, the element £®(v; a) is contained in A2 
for any a G H*(F(v)). 
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We only have to prove P(n,n). The claims P(l, 1) (1 < I < n) are clear. Thus the proposition is reduced to 
the following lemma. 

Lemma 4.9 P(l -1,1-1) + P(l, k - 1) P(Z, fe) /or it < /. 

Proof Let u be an element of B(k,r) — B(k — l,r) such that co(u) < L The fc-th component is denoted 
by itfe. We put uo := u — Mfc ■ efe. Then we have co(uo) < I — u k < I. We have the following equality in 
GV co( „)J7*(Quot(oo, n)): 

i Q {u -a)-S, Q {u k -e k -b)=£, Q {u-<t> 2 {a®b))+ £ £ Q (™ ;c (™)), (c(iy) G H*(F(w))). 

u>€0(fc-l,r) 

Thus the lemma follows from the surjectivity of <^2- I 
Hence the proof of the proposition 14.21 is completed. I 

Let E be a locally free sheaf, which is not necessarily isomorphic to a direct sum of line bundles. We have 
the universal quotient T u defined over Quot(_E,n) x C. We have the i-th Chern class d(J- u ). It induces the 
correspondence map 4>i : H*(C)[— 2(i — 1)] — > H* (Quot(i?, n)). 

Theorem 4.1 The following set generates H* (Quot(E , n)) : 

n + l 

U Im (^)- 

i=l 

Proof Because any vector bundle £ on a smooth projective curve can be deformed into such a bundle, 
and because the topology of the quot scheme is invariant under deformations of vector bundles, we only 
have to prove the claim for the vector bundle of the form ®^~Q-L a . We have the morphism $ x id : 
Filt(£, n) x C — ► Quot(£, n) x C. We have the nitrations 7% — > — ► • • • — > T± over Filt(£, n) x C, 
and (* x idyj^ = Tl. We put := Kei(7J — ► ^7-i)- We have already known the following: 

OO 

c ,(gj) = i+A jn+1 j2(-"i) h +&ln+i(i+^r 2 - 

h=0 

Hence we obtain the following: 

oc 



oo n 



^l + ^^A^Uf+A. (16) 

h=0 2=1 

Here ^4 is contained in the ideal generated by H 4 (C n ). 

We have <j>i(a) = ^2p*(a) £ H*(C^). For i > 1, we have the equality <fii(a) = — l)ei;a) in 
Gri_iiI*(Filt(S,n)). Hence Theorem IQ follows from Proposition l4~2l I 

4.3 Symmetricity 

We introduce another 6 n -action p on H* [C n )[u}i, . . . ,ui n ] defined as follows: 

For a e ©„, we put p(a) (H^l (as) ■ := UiPt(i){ a i) ' 

The action p preserves the products. Let H* (C n )[u)i, . . . ,ui n ] p ' en denote the S n -invariant part of with 
respect to the action p. 

Theorem 4.2 We have (Quot(oo, n)) = H* {C n ){uji y . . . ,uj n ] p ' e " . 

Proof Let consider the element £(l ■ e n ). We have the following relation: 

£(l ■ en) = ■ £((! - 1) • e„) + ^ A n , fc ■ £((Z - 1) ■ e fe ). (17) 
Let t be a formal variable. We put as follows: 

oo 
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Lemma 4.10 The following holds: 



P "W = E E \j,n)-t h -l[(l-u H -t)- l -(l-u; n -t)- 1 . (18) 



h=0 JC[l,n-l] i&J 
\J\=h 



Here (J, n) denote the set J U {n}. 

Proof The equality (|SJ implies the following: 

oo 



fc<ra 



1 + u; n * t • Pn(t) + J2 A «,k-t-P n (t). (19) 



Namely we have the following: 

P n (t) = (1 - W„ • 0^ + ^ A ",fc • (1 - • t)" 1 ■ * ■ Pk(t) (20) 

fc<n 

A successive use of the equality 1201 provides the formula 1181 . 1 
Then we have the following relation for any a G H*(C): 

n>l i>0 ft>l |/|=h j'ei 

Here Ai (a) denotes the cohomology class Ai ■ p*(a) for some i £ I. Note that it is independent of a choice 
of i. Since the right hand side is symmetric, we obtain that ~}2 n>0 £(Z ■ e n ) ■ Pn( a ) is symmetric. 

Since S 2 = {£ Q (Z ■ e 1)P *a) \ a G H*(C), l = l,...,n} generates the ring H* {Quot(E , n)) over H*(C (n) ) 
(Proposition |OJ , we obtain the implication **_H"*(Quot(_E, n)) C H*(C n )[uj 1 , . . . ,io n ] p ' &n . 

Then we only have to prove that vp* S2 generates H* {C n )[uj\, . . . ,tj n ] p ' t '". We only indicate an outline 
of the argument. 

1. For J = (ji,...,j„) G Z5 , we put lo j = UZ=i«4'- An y element of H* (C")^, . . . ,w n ] p ' e " is 
described as £ JgB{n) E CT6Srl P(<?)(aj • ^ J )- 

2. For a positive integer i and any element a G H*(C^), we put as follows: 

eft, a) := £ ^(a- f[c 

ct£S„ 3=1 

Then S3 := {e(i,o) |i= l,...,n, a G 7T(C W )} generates fl"*(C™)[wi, . . . , cv n ] p ' Bn over iT(C (n) ). 
It is shown by a similar argument to the proof of Proposition 14.11 

3. For a positive integer i and any element a G H*(C), we put p(j,a) := X^T=iPi( a ) ' w i- Then S4 := 
{P(j,a)\j = l,...,n, a G iT(C)} generates H*(C")[wi, . . . , uj n ] p ' e " over H*{C {n) ). 

It can be shown by an argument similar to the proof of Proposition 14.21 

4. Let H* (C n )[uii, oj n ] p,s " denote the subspace generated by { X]jgB(n) P( a )( a i' ujJ ) I co(J) < ft}. 
The filtration i 7 ^ 3 ' is compatible with the product. The elements { (I ■ ei, a) and p(Z, a) are same in the 
associated graded vector space Gr[ 3 ' . Then we can conclude that S2 generates H* (C n )[uii, . . . , aj n ] p ' s ™ . 

Thus we are done. 1 



4.4 A combinatorial description of ty*£Q(v\ a) 
4.4.1 A tuple of of subsets 
Definition 4.1 

1. Let I = (Ji,. ..,/;) be a tuple of subsets of [l,n], namely Ij C [l,n]. We say that Ij and Ik are 
connected in I, if we have a numbers 11,12, ... ,ih such that Ij ni^ 7^ 0, h h C\Ik 7^ 0, and T a f\h a+1 7^ 
(a = l,...,h-l). 
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2. It determines the equivalence relation on T. The equivalence class is called the connected compo- 
nent. The set of the connected components is denoted by c(I). Thus we have the decomposition 

Example 

Let consider the case I\ = {1,2}, 7 2 = {2,3}, 7 3 = {4} and 1 = (7i,7 2 ,7 3 ). Then I\ and 7 2 are connected, 
and 7i and I3 are not connected. Hence the connected components are Xi = (7i, 7 2 ) and X 2 = (h)- 

Definition 4.2 Assume that T — (7i,...,7() is connected. Then we obtain the connected graph G(X) as 
follows: 

The set of vertices are {7i , . . . , 7;} U Uj=i Ij ■ The set of the edges are given as follows: The vertex 
Ii and a 6 Uj=i I 3 * s connected by an edge if and only if a € 7;. 

The first betti number of the graph G(X) is denoted by bi (1) . 1 

Example (h = {1, 2}, 7 2 = {2, 3} and 1 = (7 1; 7 2 )) 




61 (X) =0 



61 (X) = 1 



bi (I) = 2 



Let T — (7i,...,/j) be a tuple, which is not necessarily connected. For each connected component 
T a £ c(X), we obtain the first betti number &i(X a ). We put c»(X) := {T a € c(X) | 61 (X a ) = *}■ Then we have 
the decomposition c(T) = UjCi(X). 

Definition 4.3 7n general, we put S(T) := U/ ei^ ' which * s ca/Zed t/ie support of I. I 
4.4.2 Combinatorial data 

For an element Z £ Z™, the j-th component is denoted by qj(l). For an element I £ Z> , we put s(l) := 
{i\k ^ 0}. It is called the support of I. Let consider a tuple L = (Zi, . . . , Z n ), where h is an element of Z> . 
For such a tuple, we put S(li) = s(l) U {i}. Then we obtain a tuple of subsets of [l,n]: 

X(Z) := (S(li),,S(l 2 ),..., £(!„))■ 
We denote the projection of Z> onto the j-th component by qj . 
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Definition 4.4 For an element u G B(n) and a G &„, we consider the following conditions: 

• <KE"=i*j) = u - 

• c(T(L)) = ci(T(L)) U c 2 (l(L)). In other words, a(l(L)) = for any i > 2. 

• W^e put 1(h) — "}2j <h lj- Let i and j be elements of S(lh), and then qi(l(h)) 7^ qj(l(h)). If qj (1(h)) < 
qi(l(h)), then the inequality qj(l(h)) < q-i(l(h — 1)) holds. 

The set of L = (Ii, . . . , l n ) satisfying the conditions is denoted by T(u, a). I 

For an element L G T(u,a), we put Ph(L) := \lh\ — \S(lh)\ + 1. 

4.4.3 A formula 
Theorem 4.3 The following holds: 

** CQ(u;a) = ^?^ S E f[< hW - II A *°' II ((2-2 5 ).p fel ).a(a). (21) 

1 ^ o-e6„ I£T(«,») h=l Z £c (L) XiGciCi) 

Z/ere g denotes the genus of C . 

Proof The proof is just a calculation. We only indicate an outline in the next two subsubsections. 

4.4.4 A reduction 

Let u be an element of Z™"^ 1 . We have the following formula: 

f (u + Z ■ e„) • a = w„ ■ £(u + (I — 1) • e n ) • a + ^ A n , fc ■ £(r nifc (u + (i - 1) • e n )) ■ a 

Ufc<i— 1 

= w n • i(u + (I — 1) • e„) • a + ^2 A n> fc • ^(r n ,fc(M + (Z - 1) • e„)) • r„,fc(a). (22) 

fc<n 
Ufc </ — 1 

Here we use A n , fc • a = A n , fc T nifc (a). 

Let V be a tuple (fei, . . . , fc^; h, . . . ,lh) satisfying the following: 

Uk 1 + h <l, u k2 +l 2 < u kl , . . . , u kh +l h < ^fc h -l- 

Let IA denote the set of such tuple. For such a tuple, we put \V\ := Y2=i h + lt fed — ^1 an d Ap = A(k 1 ,...,k h ,n)- 
The cyclic permutation op is defined by n > fei, few and k n 1— > n. We put as follows: 

i/>p(u + I ■ e„) = erp + (Z - l n ) ■ e n - ^2 h+^ e kj - u kn ■ e kn ^. 

j=i 

Lemma 4.11 The following holds: 

£(u + I ■ e n ) ■ a = o4T • A-p ■ £,(ipv(u + I • e«)) ■ crp(a). 

P€W 

Proof We only have to use the formula 1221 recursively. 1 

4.4.5 Statement for an induction 

Let h be an integer such that < h < n. Let I = (i„-fe+i, in-h+2, ■ ■ ■ ,in) be a tuple such that i a 6 [1, n]. 
We put 6(n, /) := {a G 6 n | er(i Q ) = a}. Then we have the decomposition 6 n = JJ| 7 | =h &(n, I). 

Definition 4.5 Let h be an integer such that < h < n. Let v be an element of B(n) and a be an element 

Of&n- 

Let consider a tuple L — (l n -h+i,ln-h+2, ■ ■ • ,ln) such that l a G Z> . Let consider the following condi- 
tions: 

• E^=j lAhot) = qj(cr(v)) for any j > n - h + 1. In other words, a(v) - ^Ln-d+l ha e Z >"o''- 
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• We put S(h a ) = s(h a ) U {a}- We put i/' 3 ' = cr(v) — Y^=3 ■ * anc ^ j ^ e elements of S(h a ). 
Then qj(v (a) ) / qi(u (a) ). If qj (v (a) ) < qi(v (a) ), then the inequality q 3 (v {ay ) < g<(w (a_1) ) ZioZds. 

77ie sei of such tuples L is denoted by Th(v,a). 1 

For such a tuple L = (Z n _ h+ i, . . . , Z»), we put p a (L) := J2"=i qi(h a ) - \S(h a )\ + 1, (a = n — h + 1, . . . ,n). 
For any element v £ B(n) and a £ H*(F®(v)), we put as follows: 

f yi >;a):= ««'))•'(«)■ 
Lemma 4.12 Lef ft 6e on integer such that < h < n. Then we have the following: 

n n 

r m («;a)=^ E E II {< aiL) - A S( ha) )-t{°(v)- E h a )-a(a). (23) 

\I\ = ht?Ge(n,I) LGT h (v,cr) a=n—h+l ct=n-h + l 

Proof We use an ascending induction on h. We only have to use a reduction given in the subsubsection 
14 . 4 . 4 1 recursively. I 
In the case h = n, the set &(a,I) contains the unique element, and we have T n (u,a) = T{u,a). Thus 
we obtain the following equality: 

n n 

e ym (v,a)= £ £ n(<° (I,) - A s (hQ ))-C(^)-E^)'^)- ( 24 ) 

»66„I6T(»,»)a=l a=l 

The following lemma is easy. 

Lemma 4.13 Let T = (Ji, . . . , J^) be a connected tuple of subsets of [1, n]. TTie following holds: 

{ 0, (6i(2)>2), 
i[A la = \ (2 - 2 5 ) -ptsd), (&i(I) = 1), (25) 
I A S(I) , (6i(J)=0). 

/fere g denotes the genus of C. I 
By substiting 1251 into 1241 1 . we obtain 12 11 . Thus Theorem 14. 3 1 is obtained. I 

4.5 General case 

For an element I = (Zi, . ■ ■ ,lu) £ ^>o, we put 6(Z) := Y\i=i We have the natural action of on 
Ili=i z >o- For an element w* = . . . v h ) £ Ili=i z >o> we P ut S( v *) = IliLi St(vi). 

We naturally regard ©(Z) as the subgroup of S(|Z|). We also naturally identify Yli=i <^>o with %> - 
For an element Z = (Zi, . . . , lh), we put Pj(l) = Yli<j We have Ph(Z) = |Z|. We have the natural 
morphism : Filt(i5, Z) — > Filt(i5, |Z|), given by the following functor: 

E -> -> ^(i-i -» > ^"i) i — ► (-E -> -7> h (i) -> fph-iii) -»•••■-» ^p^i) 

Thus we obtain the morphism *,* : iT(Filt(£, Z)) — > £T(Filt(-E, |Z|)). 
Proposition 4.3 

• For any element w* £ B(l,r) and for any a £ H*(F (v*)), we have the following equality: 

• The filtration {FhH* (Filt(_E, Z)) | h = 0, 1, 2, . . . , } is compatible with the product, that is, Fh-Fk C -F/i+fc . 

• 27m,s we obtain the associated graded ring GrH*(Filt(E,l)). It is naturally identified with the 
mvariant part of GrH* (Filt (E, \l\)). I 

On Filt(_B,Z) x C, we have the universal quotients q^E — ► — » —>•••—> J 7 ". We put 

(?J := Ker(jF^ — > FTi). We have the i-th Chern class (n{GJ). It induces the correspondence map 
4>P :H*(C)[-2(i-l)] -^H"(Fih(E,l)). 
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Theorem 4.4 The set [J™ =1 Im^ (j) generaies iT (Filt(£, Z)). I 

The ©^-action p on i/*(C' i ')[a;i, . . . induces the S(Z)-action, which we denote by p. We denote 

the (S(i)-invariant part with respect to p by H* (C' ! ')[tJi, . . . , lj\i\] p,b ^ 1 \ 

Theorem 4.5 The image ^ H* (Filt(E, I)) is H*(C w )[ui,. . . ,u\i\]"' em . I 
We omit to derive a combinatorial description of (»,, a). 

5 The structure of the cohomology ring of the infinite quot 
scheme of infinite length 

Recall the following general notation: Let V be a graded vector space such that V % = for any i < and 
that dim V 1 < oo for any i. Recall that the formal power series 2 j>0 (dmi V l )-t l is called the Poincare series 
for V . Let X be a topological space whose i-th betti number is finite for any i. We denote the Poincare 
series of the graded vector space H*(X) by P(X)(t), or simply by P(X). 

Let C be a smooth projective curve. Fix a point P of C. We have the inclusion of Quot(r, r) into 
Quot(r + l,r + 1) corresponding to the functor: 

(o ffir — ► t) h- > ((e> ffir — ^) © (o — » Cp)) , 

Here Cp denotes the skyscraper sheaf at the point P. Thus we obtain the topological space Quot(oo, oo) := 
U^Li Quot (r,r), which we call the infinite quot scheme of infinite length for C. (More precisely, we use the 
mapping telescope.) We consider the structure of the cohomology ring of Quot(oo, oo). 
We put bi := dim H^C). 

Lemma 5.1 The Poincare series o/Quot(oo, oo) is the following, 

(l + i^fT (1 + *" 



^j-n (1 ^ )(1 -^ a) ^[« 



Proof We have the isomorphism H* (Quot(r, I)) ~ ®i eT>ec n r \ H* (C^)[—co(l)]. Then we obtain the fol- 
lowing equality: 

°° r_1 CI -4- <,f 2h + 1 \ t >i 

^p( Q uot(r,i)).s l = n a-eUa-tws) G m[s]] - 

1=0 h=o y n ' 

And thus we have the following equality: 

^p(Q UO t(oo,o) • = n (1 _ t2 t)(i-t^ 8 ) e z[[t]][[s]] - 

The following holds: 

oo 

P(Quot(oo, oo)) = (P( Quot(r + 1, r + 1)) - P( Quot(r, r)) ) . 

Here Quot (0,0) = 0. Since we have lim (p( Quot(oo, r)) - P( Quot(r, r))) = in the ring Z[[t]], the right 
hand side is same as the following: 

( p { Quot(oo, r + l))-P( Quot(oo, r)) ) . 

r = 

Here Quot(oo,0) = 0. Note that the following holds: 

oo oo 

(1 - s)^P(Qu<rf(oo,Z)) • s l = ^(p(Quot(oo,Z)) - P(Quot(oo,Z - 1))) • s l . 
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We have the following equalities, 



(1 - ,) g P( Quot(oc, 0) ..' = (!-.). {1 t] { f- s ^ 2 (l-^l-tU) 



(l + st 2h+1 ) bl 



(i-st 2 ) n (i-t 2h s)(i-t 2h + 2 s)' 

It is contained in Z[s] [[£]]. Hence we can specialize s = 1. Thus we obtain the following equality: 



(l + st 



2h+l\b 1 



P( Quot(oo, 00)) = (1 - s) V P( Quot(oo, /)) • s'l 

7 — ' I s — 1 



(1 + st 



2/i+l\!> 1 



(1 + stp -pr 

(1-st 2 ) ^ (1 -t 2h s)(l -t 2h + 2 s) 



(i + O 



61 °o 



(1+t 



2h+l\6i 



TT — 

(1 -t 2 ) 1JL (1 -t 2h )(l -t 2h + 2 ) 



Thus we are done. 

Theorem 5.1 The rational cohomology ring _ff*(Quot(oo, 00)) is isomorphic to the following, 



H * {C (oc) ) ® Sym- (H*(C) [-2h]) . 



h=i 



(26) 



(27) 
I 



Proof The natural morphism Quot(r, r) — > C' r ' induces the morphism: 

/r(C (oo) ) — >J ff*(Quot(oo,oo)). 
We have the morphism H*(C)[—2h] — > H*(Quot(r,r)),a 1 — > £(h-ei;a). Thus we obtain the ring morphism: 

H*(C {oo) ) ®(g)Sym'(H*(C)[-2]) — > H*(Quot(oo, 00)). 
h=i 

Thus we obtain the ring morphism: 

00 

ir(C (oo) ) Cg>(g) Sym (#*(£) [-2]) — > H*(Quot(oo, 00)). 

Due to the result in the previous section, it is surjective. The Poincare series of the both sides coincide. 
Thus we are done. I 
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